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ABSTRACT

We study the problem of recovering the parameters of a multivariate Orn-
stein—Uhlenbeck (OU) process from steady-state observational and interventional
data. In many applications, such as large-scale gene perturbation experiments,
only stationary “snapshot” measurements are available, making standard stochas-
tic differential equation estimation methods that rely on time-series trajectories in-
applicable. We first establish an identifiability result: one intervention per strongly
connected component (SCC) of the drift graph suffices to recover all OU process
parameters generically up to a global scaling factor. This holds provided that
the SCC condensation graph is connected with a single root and certain spectral
nondegeneracy assumptions hold. We propose a recursive learning algorithm that
orders SCCs topologically and, for each component, isolates its marginal dynam-
ics and solves a linear system derived from the steady-state moment equations,
leveraging parameters recovered for upstream components. Building on this the-
oretical foundation, we propose a regularized least-squares estimator that jointly
minimizes residuals of the steady-state mean and covariance equations across ob-
servational and interventional data. Experiments on synthetic and real datasets
demonstrate the effectiveness of our method in recovering parameters and pre-
dicting unseen interventions.

1 INTRODUCTION

Understanding the structure and parameters of dynamical systems from data is a fundamental prob-
lem in many scientific domains, including systems biology (Bansal et al., 2006; Marbach et al.,
2012)), neuroscience (Paninski et al.l 2010), and economics (Hamilton, [2020). In many settings,
such as gene regulatory networks, the underlying dynamics can be modeled by a stochastic dif-
ferential equation (SDE) whose steady-state distribution encodes both the interaction structure and
kinetic parameters (Gardiner, [2009; |Villaverde et al.l 2016)). Accurately recovering these param-
eters enables causal representation of interactions among variables, and predictions under unseen
perturbations (Pearl, 2009).

However, in experimental biology and related areas, data are often available only in the form of
“snapshot” measurements (Cao et al., 2019; |Schiebinger et al.l [2019). The time-series trajectories
(required by many SDE estimation methods (Zhang et al.| [2024; [Oh et al., 2024)) are expensive or
infeasible to obtain at scale. In such cases, interventions such as gene knockdown (Datlinger et al.,
2017) provide additional information by selectively intervening on parts of the system, potentially
resolving non-identifiability issues that arise from observational data alone (Peters et al., 2017).

A substantial body of work addresses causal inference in linear stochastic systems. (Varando &
Hansen, [2020; [Dettling et al., [2024) focus on recovering drift structures from steady-state data us-
ing the Lyapunov equation. These approaches rely solely on observational measurements and do
not leverage interventions, which can limit identifiability. More recently, |[Lorch et al.| (2024), fo-
cused on fitting the observational/interventional distributions without providing parameter recovery
guarantees. Intervention-aware models, such as in (Rohbeck et al., [2024), achieve good empirical
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prediction, but the identifiability results are very restricted (see the related work section for more
details).

In this paper, our aim is to incorporate interventions into the learning process, establishing formal
identifiability results on recovering the parameters of SDEs and developing learning algorithms
grounded in these theoretical results. Our contributions are as follows:

* We establish an identifiability result for recovering the parameters of a multivariate Orn-
stein—Uhlenbeck (OU) process from steady-state observational and interventional data. We
show that a single intervention per SC of the drift graph is sufficient to recover the pa-
rameters up to a global scaling if the SCC condensation graph is connected with a single
root and certain spectral nondegeneracy assumptions (Assumptions and [3) hold. To
prove this, we first consider the case where the drift matrix is a single SCC and show that
by solving the linear system of equations for the first and second moments (based on ob-
servational data and data from one intervention), we can recover all the parameters up to a
global scaling (Theorem|T)).

* For the general case with multiple SCCs (in Theorem [3), we provide a recursive algorithm
that topologically orders the SCCs and, for each component, isolates its marginal dynamics.
This reduces the problem to a sequence of single-SCC cases. For each SCC, the algorithm
solves a linear system (derived from the steady-state moment equations for the observa-
tional and interventional settings) using parameters recovered for upstream components.
We also provide an example that if the SCC condensation graph has more than one root,
then it is impossible to learn all the parameters with a single global scaling.

* Building on these theoretical findings, we formulate a regularized least-squares optimiza-
tion problem that jointly minimizes the squared residuals of the steady-state mean and
covariance equations across both observational and interventional data. Empirical results
on synthetic and real datasets demonstrate the effectiveness of our method in recovering
parameters and predicting unseen interventions.

2 PROBLEM FORMULATION

Ornstein—Uhlenbeck process: The Ornstein—Uhlenbeck (OU) process is a continuous-time
stochastic process that satisfies the stochastic differential equation (SDE):

dx = (—Ax + b)dt + o dW,, (D

where x € R” is the state vector, A € R™*" is a drift matrix (assumed positive stable), b € R"
is a constant vector representing external input, o € R"*™ is the diffusion matrix, and dW, is an
n-dimensional Wiener process.

In the steady state, the OU process has:

* Mean:
n=E[x,]=A"'b, (2)
where X, denotes a random vector distributed according to the stationary distribution of
the OU process.
 Covariance:
A+ 3ZAT = O'O'T, 3
where 3 € R™*™ s the steady-state covariance matrix: ¥ = E[(Xoo — pt)(Xoo — 1) ']
We assume that the diffusion power matrix is diagonal and positive: D := oo’ =

diag(dy,...,d,) > 0;

Intervention: We define an intervention on i-th coordinate of x as follows, where the i-th row of
the drift matrix A is modified to remove influence from all other variables, while preserving its

self-regulation. Formally, we define the modified drift matrix A as:

'See the graph definitions in Appendix
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That is, we zero out all off-diagonal entries in the i-th row, but retain A;;, analogous to a knockout
perturbation that isolates a variable from its regulators.

The modified dynamics are: dx = (—K(i)x + b) dt + o dW;. In the intervened system, the mean
is denoted by () and satisfies:
. . ~ .\ —1
p =ExY] = (A9) b, )

assuming A s invertible.

Similarly, the steady-state covariance X (%) satisfies the Lyapunov equation:

. . N~ N\ T
A0 4 5O (A(”> —oo’. )

Our goal is to recover the parameters of OU process, i.e., A, b, and o from the observational
mean and covariance (g, ) and a collection of interventional means and covariances {(p;, 3;) }iez
where 7 is the set of coordinates intervened on.

For any stationary (observational or interventional) mean and covariance, we have the following
number of equations: F := n + "("2“) = ”(”;‘3). Let |Z| be the number of interventions (in
addition to the observational one). Identifiability requires at least (|Z| + 1)E > n? +2n =

|Z| > P(:ij;)—‘ — 1 = 1. Therefore, it is necessary to have at least one intervention in order to

recover the parameters of the OU process. The next section establishes sufficient conditions ensuring
that the parameters are identifiable, up to a global scaling, from the observational and interventional
data.

3 IDENTIFIABILITY RESULTS

For a drift matrix A, define the associated directed graph G(A) by considering an edge j — i if
and only if A;; # 0. In the following, first we consider that G(A) is strongly connected. Under
some spectral non-degeneracy assumptions, we show that the parameters of the OU process can be
recovered generically up to some global scaling by just having one intervention on any coordinate.
Next, we will consider the case where G(A) contains multiple SCCs, and show that the parameters
are identifiable up to a single global scaling provided that the DAG over SCCs is connected, there is
exactly one root SCC, and there is at least one intervention in each SCC.

3.1 SINGLE SCC

Theorem 1. Consider the OU process in equation[I|with true parameters A, b, and o. Moreover,
suppose that we have access to the observational steady-state mean and covariance (pu, X) and an
interventional mean and covariance (", X)) (i can be any coordinate). If the graph G(A) is

strongly connected and certain spectral non-degeneracy assumptions hold (See Assumptwn [l and

Assumption @ in Appendtx , with measure one, any other parameter triple (A b D) that yields
the same observational and mterventlonal moments must satisfy:

K:CA, B:cb, ﬁ:cD,
for some scalar ¢ > 0.

All the proofs of theorems (if not given in the main body) are available in the appendix. The key idea
in the proof is based on forming a system of linear equations according to equation [2| equation
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equation 4] and equation[5} showing that any possible solution for this set of equations should be a
scale of the true parameters. In particular, let

vec(A)
0= b € RP,
d
where p := n? + 2n, and d := (d1,...,d,)", where dj, := o2, > 0. Moreover, the operator

vec stacks the columns of its matrix argument. Therefore, vec(A) € R, Now, we can write the
linear equations in the following form: A © = 0 where A € R™*P (refer to Appendixfor the
definition of A) and m = n? + 3n. In the proof, we show that A has generically a one-dimensional
null space under the conditions in the statement of the theorem.

Remark 1. For the analysis, we impose some spectral nondegeneracy assumptions such as the drift
matrix or certain moment—based matrices have a simple spectrum (the eigenvalues being distinct).
The numerical results (see Appendix|[C) show that these assumptions hold generically within SCCs.
The statements of assumptions and their roles in the proofs are deferred to the appendix.

3.2 GENERAL CASE

In the general case, where the graph G(A) has multiple SCCs, assume that the intervention set 7
contains at least one intervention targeting a variable inside each SCC. Moreover, the DAG of SCCs
is connected and there is exactly one root SCC. Under these conditions and certain spectral non-
degeneracy assumptions (see Assumption [2| and Assumption [3|in the appendix), we show that the
parameters of the OU process can be recovered up to a global scaling. The key idea is to first recover
a topological ordering over the SCCs by inspecting which means change under each intervention.
The following theorem allows us to identify the set of variables in each SCC, as well as a topological
ordering over the SCCs. With this structural information in hand, we then recursively identify
the model parameters for each SCC by conditioning on previously resolved components, thereby
reducing the multi-SCC case to a sequence of single-SCC problems.

Theorem 2. Let C be an SCC in G(A) and let i € C. Consider the intervention on i and let p and
1Y be the observational and interventional steady-state means, respectively.

(Non-null case). If the i-th row is non-null, i.e., 3j # i with A;; # 0, then, with measure one, for
the set of parameters (A, b) consistent with G(A),

ug) #pup <= k€ Desc(C),

where Desc(C) denotes the set of nodes lying in SCCs reachable from C in the DAG of SCCs
(including C itself).

(Null case). If the i-th row has no off-diagonals, i.e., Ai; = 0 for all j # 1, then p = p.

Remark 2. For an intervention on i € C, define R; :== {j : ,ugl) # w; }. Suppose there is at least
one intervention in each SCC. Based on the above theorem, intersecting and differencing the sets R;
across interventions identifies the SCCs and yields a topological order for the DAG over SCCs (see
Appendix|A.3|for more details).

Theorem 3. Consider the OU process in equation[I|with true parameters A, b, D. Suppose we have
access to the observational steady-state mean and covariance (p, X), as well as to interventional
means and covariances (u¥, =) for at least one intervention in each SCC of G(A). If the DAG
over SCCs of G(A) is connected with a single root SCC and certain spectral non-degeneracy as-
sumptions (see AssumptioAﬂ and Assumption [3|in the appendix) hold, then, with measure one, any
other parameter triple (A, b, f)) that yields the same observational and interventional moments
must satisfy
_/AX:CA, B:cb, f):cD,

for some scalar ¢ > 0.

Proof. Based on Theorem[2} we can infer the SCCs and also a topological ordering over them if there
is at least one intervention in each SCC. Let us denote these SCCs based on the topological ordering
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as C1,Cy,- - ,Ck where K is the number of components. Suppose that we already learned the
parameters of the OU process in the components C,Cs, - - - , C,. up to some global scaling. Now,
we aim for learning the parameters in C,,. We partition the state vector according to the SCC
decomposition of G(A):

X= Xp b xr & XF )
~—~ ~—~ ~—~
CLU---UC,. CT+1 CT+2U---UCK
where the operator & denotes concatenation of subvectors corresponding to disjoint index sets.

The steady-state mean and covariance matrices are partitioned accordingly:

wp Ypp Xpr Xpr
pw=|pr|, Y= |¥rp Xrr XrrF
BF Yrp Xrr XFrF

Everything inside the P-block is assumed known (i.e., the blocks App, bp, and Dpp), up to the
same scaling c. Because xp and x are jointly Gaussian, we can write:

xr =Bxp+r, where B:=3X7pX;L, Elrx)]=0.

The regression matrix B is computable directly from the observed moments, with no dependence
on model parameters. Moreover, the residual term r := x7 — Bxp is a Gaussian variable with

urip=pr —Bup, Srp =207 — SrpSppEpr. (6)
Substituting the definitions of B and r into the OU dynamics yields:
r=—Appr+ (—Arp — ArrB + BApp)xp

. . 7
+(bT—Bbp)+(O'TWT—BO'pr). @

Stationarity implies that the cross-covariance X, p(¢t) := Cov(r(t),xp(t)) is constant in time.
Therefore, its derivative is zero:

43, p(t) =E[Fxp] + E[rxp] = 0.

The second term vanishes as E[rx5] = —E[r x},] AL = 0 due to the fact that r and x p are uncor-
related. For the first term, by inserting equation one obtains: (—AT p—ArrB+BAp p) Ypp =
0. Because X pp > 0 is invertible, right-multiplication by E;}D gives:

—Arp — ArrB+BApp =0. (8)
Using equation [§]in equation [7)eliminates the xp drive and leaves:
i = —Arrr + (by — Bbp) + (67Wr — BopWp), )
which is an OU process acting within the block 7'.

Now, based on the first and second moments of the residual which is given in equation [6] we can
identify the parameters of component 7' and also Arp up to the same scaling. In particular, we
have:

Arr: Note that the corresponding diffusion power matrix of the residual’s dynamics is: D7 +
BDpB' and therefore, it is not necessarily diagonal. Nevertheless, the proof of Theorem [1{can be
adapted to recover the Ay up to the same scaling ¢ (see Appendix [A.6) by solving a linear system.
Arp: Having A pp and A up to the scaling ¢, according to equation we can also recover Arp
with the same scaling.

br and D7: According to equation [2, we have: by = Apprpur + Arppp. Since we recovered
A7 and A7 p with the same scaling factor, therefore, by is identifiable with the same scaling from
the above equation. Regarding o7 (or diffusion power matrix D), from the Lyapunov equation for
the covariance matrix of residual (in other words, ET‘ p), we have:

ArrEqp + EppAby =Dr + BDpB'.

Therefore, D7 can be learned with the same scaling and this completes the proof. [



Preprint.

Remark 3. The two structural assumptions in Theorem|3| are necessary. If the DAG over SCCs is
disconnected, then each disconnected part of the DAG can only be identified up to its own scaling
factor. Moreover, if there are multiple root SCCs, the parameters of the OU process cannot, in
general, be recovered up to a single global scaling. An example illustrating this case is provided in

Appendix[A.7]

Building on the above, we design a recursive algorithm that proceeds in two stages (the pseudo-code
is given in Algorithm [)):

* In the first stage, we use the changes in interventional means to identify the SCCs of the
drift graph G(A), along with a topological ordering over these components. This structural
information is inferred using Theorem

* In the second stage, we iterate over the SCCs in topological order. For each component 7',
we treat the union of its ancestral SCCs as P, and condition on x p to isolate the marginal
dynamics of x7. Using the conditional moments (uT| P, 27|p), We first recover Arr up
to a scaling. Then, leveraging the structure of the OU dynamics, we recover Arp, br, and
D up to the same scaling. The procedure continues recursively until all components have
been identified.

Algorithm 1 Recursive OU Learning with Interventions

1: Input: Observational and interventional means and covariances (p, 2), { (", )}, o7

Phase 1: Learn SCCs

Identify SCCs, C1, Cy, . .., Ck, and a topological ordering over them from mean changes using
Theorem 2]

4: Phase 2: Recover parameters per SCC

5: for each component I' = C); in topological order do

6: LetP:=CyU---UC;_; be the union of ancestor SCCs

7.

8

9

Compute conditional mean pp|p and covariance X7 p according to equation@
Recover A using the interventional moments with the same scaling in P
Recover Arp, by, Dr up to the same scaling using cross-covariances and stationary con-
ditions
10: end for
11: Output: Drift matrix A, input vector b, and diffusion matrix D (up to a global scaling)

Remark 4. Rather than directly running Algorithm[l} we can alternatively construct a linear system
of equations based on the true first and second moments of the observational and interventional
settings, similar to the approach used in the proof of Theorem[l| If the linear system has a one-
dimensional null space, then all parameters can be identified up to a scaling factor. Theorem
establishes that the null space is one-dimensional if the conditions in the statement of the theorem
are satisfied.

4 LEARNING ALGORITHM

In finite-sample settings, plugging in empirical moments generally yields full-column-rank systems,
which admit only the trivial solution of zero vector. Nevertheless, the identifiability result in The-
orem [1| motivates replacing true moments with empirical ones and relaxing the equations into a
least-squares objective. Specifically, in the observational case, the mean vector p and covariance
matrix 3 satisfy the linear system in equation [2| and equation (3] respectively. Moreover, for each
intervention i € Z, the mean vector () and X(%) satisfy equations in equation E] and equation
respectively.



Preprint.

For the set of free parameters © = (vec(A), b, d), where d is the diagonal of matrix D, we define
the following least-square objective:

~ ~ 2
£(©) = ao (||A;l — b+ HAE FSAT - DHF>
o 2 e e~ 2 (10)
tary HAu) A — bH n HAu) 20 4 SORAT - DH 7
€L 2 F

where ap, oy > 0 are weighting coefficients; we often give a larger weight to observational terms
since observational samples are often more abundant and their estimates are more accurate. More-
over, ft, 5), [L(i), ﬁ](i), 1 € 7 are the unbiased estimates of first and second moments in the obser-
vational and interventional settings and || - || is the Frobenius norm. To promote sparsity in the
drift graph, we add an ¢; penalty on the off-diagonal elements of A: R(A) = v >, . |A;;[, where
~ > 0 controls the sparsity level. Therefore, the optimization problem becomes

Irgn L(©) +R(A), (11)

subject to stability constraints (such as Ay, > 0 and di > 0 for all k).

5 RELATED WORK

Herein, we mainly review methods that perform inference from stationary distributions of dynamical
systems, rather than from full trajectories.

Identifiability and learning from steady state in SDE models. A line of work on graphical contin-
uous Lyapunov models treats the steady-state covariance as the solution of a continuous Lyapunov
equation. In this setting, [Varando & Hansen| (2020) proposed an [;-regularized estimator to recover
sparse drift structure from observational snapshots. [Dettling et al.| (2023) subsequently analyzed
identifiability in this framework, proving that when only observational covariances are available and
the diffusion matrix is known, the drift is globally identifiable from the covariance if and only if
the drift graph is simple, meaning it contains no directed two-cycles. While these results provide
valuable insights, they are limited to observational data, cannot recover models with two-cycles in
the drift, and do not handle unknown diffusion. In contrast, our work incorporates interventional
data, allows unknown diagonal diffusion, and shows that a single intervention in each SCC (under
some conditions on the DAG of SCCs) suffices for recovery up to a global scaling. More recently,
Dettling et al.| (2024)) proposed a Lasso-based estimator for recovering the drift structure of linear
SDEs from stationary observational covariances and analyzed its identifiability properties. How-
ever, their framework does not incorporate interventions. Very recently, Zweig et al.| (2025) studied
identifiability of linear SDEs under mean-shift interventions, assuming a low-rank drift matrix. In
contrast, we allow general drift matrices and base identifiability on the SCC structure of the drift
graph rather than on a low rank assumption.

Other approaches aim to learn stationary SDE models without focusing on identifiability. Lorch
et al.| (2024) proposed a kernel deviation-from-stationarity objective that measures how far a can-
didate SDE’s stationary distribution deviates from the empirical distribution. Their framework can
accommodate cycles and generalizes well to unseen interventions, but its goal is density fitting in
reproducing kernel Hilbert spaces rather than moment-based parameter identification. Our work dif-
fers by deriving explicit graphical conditions under which the OU parameters are recoverable from
first and second moments.

Recent empirical work has also combined steady-state dynamics with interventions. |Rohbeck et al.
(2024) introduced Bicycle, a model in which interventions alter a subset of parameters. Bicycle
achieves good performance in both structure recovery and prediction under out-of-distribution inter-
ventions in single-cell datasets. However, it is designed primarily as a predictive model and provides
identifiability guarantees only when interventions are performed on all coordinates except one. In
contrast, we gave identifiability results under substantially weaker requirements, i.e., one interven-
tion per SCC.

Boege et al.| (2025) have studied the conditional independence relations implied by sparsity in the
drift of stationary multivariate diffusions. Their results link graph structure to conditional inde-



Preprint.

pendencies in the stationary state distribution. Nonetheless, this line of work does not address the
recovery of drift or diffusion parameters, nor how interventions could enable identifiability.

Finally, there exists related work for deterministic linear ODEs rather than stochastic OU models.
For example, [Wang et al| (2024) analyzed the identifiability of linear ODE systems with hidden
confounders from time series or discretely sampled trajectories and derived conditions under which
latent confounding can be resolved.

Gene perturbation prediction from steady state. In systems biology, several methods aim to pre-
dict the effects of genetic perturbations directly from stationary data. For instance, Sethuraman et al.
(2023) proposed NODAGS-Flow, which learns nonlinear cyclic causal structures from interventional
steady-state gene expression by fitting residual normalizing flows, producing predictions and plau-
sible graphs. While providing good performance in practice, NODAGS-Flow is a likelihood-based
method without formal identifiability guarantees on recovering the parameters of the underlying
system.

Other works focus on high-performing predictive models. For instance, Roohanti et al.[(2022) pro-
posed GEAR, which combines graph neural networks with prior biological network information to
predict transcriptional responses to single or multiple gene perturbations, showing improved gen-
eralization to unseen combinations. |Yu et al.| (2025) proposed PerturbNet, which uses conditional
invertible flows to model the distributional effects of unseen perturbations. PerturBench (Wu et al.)
provides a unified benchmark suite for single-cell perturbation modeling, facilitating comparison
between predictive models.

6 EXPERIMENTS

Synthetic Data: We generated synthetic datasets by simulating steady-state observations from a
stable linear stochastic system. The drift matrix A € R™*™ was initialized as a zero matrix, then
each off-diagonal entry was set to a Gaussian random value with probability p and left at zero
otherwise, where p is the desired density level. For each row, the diagonal entry was set to be
larger than the sum of the absolute values of off-diagonal entries in that row by at least a positive
margin, ensuring stability. The diffusion power D was diagonal with strictly positive entries sam-
pled uniformly from [duin = 0.2, dmax = 0.4], and the bias vector b was drawn uniformly from
[Bmin = 0.2, byax = 1.5]. The observational steady-state mean and covariance were then computed
by solving the corresponding linear and Lyapunov equations for the given A, b, and D. Interven-
tions were simulated by zeroing all off-diagonal entries in a selected row of A while keeping the
diagonal entry unchanged and leaving b unchanged. For the observational setting and each inter-
vention, samples were drawn from the corresponding multivariate normal distribution. All the im-
plementations are available in the following link: https://anonymous.4open.science/t/OU_ID-278C.
More details of experiments are given in Appendix [B]

In Figure E] (a-c), we report the estimation error of A, D, and b as a function of the number of
interventions with n = 10. To evaluate recovery up to scaling, we compute the scaling factor
¢=(A,A)/(A,A) for each parameter matrix/vector A € {A, D, b}, where (X,Y) = tr(XTY)
for matrices and (x,y) = x| y for vectors. The relative error is then measured as ||A — cA||/||A].
We apply this procedure separately to A, D, and b. The results with 90% confidence intervals are
given in blue curves with the legend “Mean and Covariance (90% CI)”. As shown, for A and b,
the relative error decreases as the number of interventions increases. For D, we observe a small
non-monotone effect: the error is initially low with no interventions, increases slightly for a few
interventions, and then decreases again. One possible explanation is that D is already estimated
accurately from observational data, so incorporating a small number of interventional data (which
may contain fewer samples than the observational data) can worsen its estimation. As the number
of interventions increases, however, the estimation of A improves, which in turn reduces the error
in D.

We also report results when the loss includes only the residuals of the Lyapunov equations (i.e., using
covariances but not means) with the legend “Covariance (90% CI),” similar to (Dettling et al., 2024;
Rohbeck et al.|, [2024)). This variant performs noticeably worse, highlighting that the mean terms are
essential (please note that there is no curve for b in this case as there is no term for estimating it);
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Figure 1: (a—c) Relative errors of estimated parameters of the OU process versus the number of
interventions, and (d) percentage of instances satisfying graphical conditions in Theorem@

mean estimates are typically much more accurate than covariance estimates, and incorporating them
substantially improves recovery.

In Figure [Id] we depict the percentage of instances of A satisfying the graphical conditions in
Theorem 3 as a function of the number of interventions for different graph densities (p). For sparse
graphs (p = 0.3), less than 50% of instances satisfy the conditions with a single intervention, but
the percentage increases steadily as more interventions are added. In contrast, denser graphs (p =
0.5,0.7) already satisfy the graphical conditions at a high rate with only a few interventions.

Real Data: We assess our method on real-world data, leveraging three published single-cell per-
turbation screen datasets (Frangieh et al., 2021). Since the true causal graph is unknown in this
setting, our evaluation focuses on generalization to unseen perturbations. Specifically, we consider
a Perturb-seq dataset containing targeted CRISPR knock-out perturbations of 249 target genes in
tumor-infiltrating lymphocytes (TILs) of melanoma patients. The perturbations were performed un-
der three conditions, which we treat as separate datasets: a baseline culture of TILs in a neutral
medium (“Control”), a culture of TILs with interferon-y added (“IFN-~"), and a co-culture of TILs
with patient-derived melanoma cells (“Co-Culture”).

Following the setup in (Sethuraman et al., 2023)), we restrict our analysis to the same subset of 61
genes and adopt their reported training/test split: 90% of interventions are used for training and the
remaining 10% are held out for evaluation, with analyses performed separately for each dataset. Our
goal is to predict the interventional mean g for unseen perturbations, using the estimated parameters
and the steady-state equation for the mean. Note that global scaling is not an issue here, as it cancels
out for predicting pt.

For evaluation, we do not rely on Mean Absolute Error (MAE), as even the observational mean
achieves a very close performance to the one using the interventional mean on the held-out set.
Instead, following the recommendation in the Virtual Cell Challengeﬂ we report the Differential
Expression Score (DES) and the Perturbation Differential Score (PDS), where higher values indi-
cate better performance. DES measures agreement in identifying differentially expressed genes,
while PDS measures a model’s ability to distinguish between perturbations by ranking predictions
according to their similarity to the true perturbational effect, regardless of their effect size. In Table
[Il we compare our full method (“Mean + Covariance”) against the “Covariance” only variant (simi-
lar to the approaches in (Dettling et al.| 2024} [Rohbeck et al., 2024))), and against the one using the
interventional mean of the held-out set (which is not available to our method). As shown in Table[T]
our method achieves comparable and in some cases even higher scores than the oracle baseline using
the interventional mean, despite not having access to held-out interventional data.

7 CONCLUSIONS AND FUTURE WORK

We studied recovery of multivariate OU parameters from steady-state observational and interven-
tional data. Our main theoretical contribution shows that one intervention per SCC of the drift graph
suffices for generic recovery of (A, b, D) up to a single global scaling when the DAG over SCCs
is connected with a unique root. The single-SCC case (Theorem |1)) yields a rank-1 null space for
the stacked moment equations, and the multi-SCC result (Theorem E]) follows via a constructive,
recursive decomposition that leverages mean shifts (Theorem [2) to infer SCCs and a topological

https://virtualcellchallenge.org/evaluation#scoring
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Table 1: Evaluation of DES and PDS on the three Perturb-seq datasets. The interventional mean is
shaded to indicate oracle access to interventional data.

Co-Culture Control IFN-~
Method DES PDS DES PDS DES PDS
Observational mean 033 057 033 057 035 0.67
Ours (“Covariance”) 051 043 046 043 042 043
Ours (“Mean + Covariance”) 043 0.67 033 0.63 047 0.70
Interventional mean 0.52 057 042 0.67 036 0.70

order. Building on these guarantees, we proposed a regularized least-squares estimator that fits the
steady-state mean and covariance equations jointly across observational and interventional data, and
we observed accurate parameter recovery in synthetic datasets. Our guarantees rely on some spectral
nondegeneracy assumptions, such as the drift matrix having a simple spectrum. Numerical results
suggest these hold generically for strongly connected drift graphs. A key avenue for future work is
a formal genericity proof. Another direction is to understand how diffusion assumptions (e.g., not
diagonal diffusion matrices) change the boundary between identifiable and non-identifiable regimes.
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A APPENDIX

A.1 GRAPH DEFINITIONS

Strongly connected components. For a directed graph G, a strongly connected component (SCC)
is a maximal subset of nodes C' such that for every pair u, v € C there exists a directed path from u
to v and a directed path from v to u. The SCCs of GG form a partition of its nodes.

Condensation graph. Given the SCCs C1,...,Ck of G, the condensation graph is a directed
graph whose nodes correspond to the SCCs and which contains a directed edge C; — C; whenever
there exists an edge in G from any node in C; to any node in C;. By construction, the condensation
graph is always a directed acyclic graph (DAG).

Topological order over SCCs. A topological order of the SCCs is any ordering of the nodes of the
condensation graph such that all directed edges point from earlier to later components. Equivalently,
C; may appear before C; in the order if and only if there is no directed path from C; to C; in the
condensation graph.

A.2 FORMING THE LINEAR SYSTEM
Throughout, I,, denotes the n x n identity, ® is the Kronecker product, and ey, is the k-th canonical
basis vector in R"™.

We define the following selector matrices:

« Introduce the matrix P € R™ %" such that vec(diag(d)) = P d, where the k-th column
of P is given by P. ;, = vec(Egy), and Exj denotes the n x n matrix with a one in entry
(k, k) and zeros elsewhere.

e For a fixed row index i, let E; := I, ® e] € Rnxn* Therefore, E; vec(A) =
(A, .., Am}T extracts the entire i-th row of A.

n(n+1) 2, . .. . .
* S, € R7 =z %™ is the upper-triangular elimination matrix.

* Let C € R™ *"” denote the commutation matrix, so that vec(XT) = C vec(X) for any
X e R™*™,

For the equation of observational mean, we define:

Mo = [(W @ L) | 1,

0} c R"*P,
where p = n? + 2n.

For the equation of the interventional mean (on coordinate ¢), let J; :=1I,, — e,-eZT. We define:

M = [~(6O) @ 1) + e () I | L,

0} e R"¥P.

For the observational covariance, vectorising AX + X AT — diag(d) = 0 and selecting the upper-
triangular part yields

n(n+1)
2

Ko = [8,(S@T,+ L, £)C) 0| —8,P| e R*5r,

For the interventional covariance (on coordinate ), we define:

v (n+1
ninth) yp

Ki = [8,(S0 01, +(L,eS0) C—[(I,0e)+(e@1,) | SVIE) |0] -8,P| € R
Assembling all the equations:

12
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A= € R™*P, (12)

where m = n +n + M) ot — 2 4 gy

A.3 PROOF OF THEOREM[2|

At steady state, p = A" b and p(© = (A®)~'b. Let E := A() — A; only the i-th row of E is
nonzero, with F;; = —A;; for j # i. By the following equation,
Ap=p—p®D =ATTEAD)'b=ATEp®. (13)

Since only row i of E is nonzero, Ev = s(v) e; for any vector v, where

s(v) = — Z Aijvj.

J#i
Applying this to v = p® in equation gives
Ap = s(p(i)) A le;. (14)

Permute coordinates by some permutation matrix that orders the SCCs topologically. Let L be the
block lower—triangular drift matrix after topologically ordering the SCCs,

L 0 0
(2,1) (2
L— L L ’
: 0
L&D oo LEK-1) 1 (K)

with each diagonal block L(*) invertible. Fix a block 7 and a coordinate i in block . Solving
Ly = e; by forward substitution yields: (i) y*) = 0 for all blocks ¢ that are nor descendants of r;
(i) y") # 0; and (iii) for any descendant block ¢ of 7, y®) is a sum of terms that are multilinear
polynomials in the inter-block entries along directed paths from r to ¢ and in y("). In particular,
we show that if ¢ is a descendant of 7 in the DAG over SCCs and j is a coordinate in block ¢,
then the scalar map © +— (L(@)’lei)j is not identically zero on the admissible parameter set

‘P of matrices consistent with the block sparsity (with invertible diagonal blocks). In other words,
(L_lei)j # 0 for generic © € P.

Write L = D + N, where D = blockdiag(L™"), ... L¥)) and N is strictly block-lower (i.e.,
N = LD for ¢ > ¢ and 0 otherwise). Then
K—1
L—l _ (D + N)—l _ (I+D_1N)_1D_1 _ Z(_l)m (D—lN)'m D_l,
m=0
because (D7IN)™ = 0 for all m > K (as D™ N is strict block—lower nilpotent). The (¢, ) block
of L~ is therefore a finite sum of terms of the form

-1 -1 —1
Dt Nt75k—1 D T N51,T‘ Dr ’

Sk—1
indexed by block paths r = sg — s; — --- — s = t in the DAG over SCCs. Hence each entry of
(L~1);,,- is a rational function of the free parameters.
To prove the function © — (L(@)_lei)j is not identically zero, it suffices to exhibit one admissible
O* € P with (L(@*)_lei)j £ 0 Fix a particular block path r = sog — s; — -+ — s = t.
Construct a one-parameter family L(e) € P as follows, choosing any constants v, # 0.

0n {© : detL(©) # 0}, the adjugate formula gives L(©)™' = adj(L(©))/detL(©), so
(L(©)™"),: = C;,:(0)/ det L(©) where Cj,; is the (j,1)-cofactor (a polynomial in the entries of L(®)).
Hence each entry of L(©) ™" is a rational function of ©.
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(i) Diagonal blocks. For each block wu, set

L™ (e) = a, I+ eB™,
where B(*) is supported exactly on the allowed in-block sparsity and has all its allowed entries equal
to 1. For £ small, each L(*) (¢) is invertible and D, ()~ = L") (¢)~! = o 'T+ O(¢).
(ii) Inter-block blocks along the chosen path. For each edge s,,,—1 — sm,, pick one allowed position
in L(sm:5m-1) and set that entry to 1; set all other allowed entries in that block to ¢.

(iii) All other inter-block blocks. Set all their allowed entries to ¢.

By construction, every allowed entry of L(e) is nonzero for ¢ > 0, and L(e) remains block-lower
with invertible diagonal blocks, hence L(¢) € P.

Let y(e) := L(¢) 'e; and consider the scalar
fie) == (y(e))j = (L(e)_lei)j, j € block t.
Expanding L(g)~! with the finite series above, the contribution of the chosen block path contains
the term
Tpath(g) = e;’rDt(E)_l Ntyskfl (5) Dsk—l (5)_1 e N317"'(€) DT<5)_1ei'
By the parameter choice, each N, (¢) has a designated entry equal to 1 (all its other allowed
entries are ), and Dy, () ™! = o, 'T + O(e). Therefore the constant term of Tyaen (€) equals
co = :I:oz{lozs_kl_1 e P #0,

obtained by multiplying the designated 1’s on the inter-blocks and the a;;! from the diagonals.
Every other contribution to f; (&) (from other block paths or from non-designated entries, which are
€) carries at least one factor of € and is thus O(e) in that scalar entry. Hence

fj(&)ZCQ—‘rECl(E), co # 0,
for some analytic ¢; near ¢ = 0. For sufficiently small ¢ > 0, f;(e) # 0.

We have thus exhibited admissible parameters with (L~'e;); # 0. Consequently, the analytic
function © — (L(@)*lei)j is not identically zero on P, so its zero set is contained in a real analytic

subset (in particular, of Lebesgue measure zero). Equivalently, for generic © € P, (L_lei)j # 0.

If for some j # ¢, we have A;; # 0, then
o) = = Y A !
i
is an analytic, not-identically-zero function of (A, b) (as b is all non-zero vector, pu(*) is generically

non-zero). Hence s( u(i)) # 0 generically. Combining with equation the support of Ay matches
that of A~'e; whenever s(u(?)) 5 0. Thus, if for some j # i, A;; # 0, generically,

W # py = j € CUDesc(C).

If A;; = Oforall j # i (i.e., ¢ is single node SCC), then s(u(i)) is zero and then we can detect it
from p() = p.

A.4 RECOVERING SCCS AND A TOPOLOGICAL ORDER OVER SCCS FROM MEAN CHANGES

Assume at least one intervention is performed in every SCC. For each intervention on ¢, set
Ri={j: p{ #p;}.
By Theorem 2] generically,
R; = Desc(C;) if the intervention on ¢ is non-null, R, =0 ifitisnull,
where C; is the SCC containing ¢ and Desc(C') is the set of nodes lying in SCCs reachable from C
in the SCC-DAG (including C itself).

Procedure.
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1. Singleton sources (null interventions). If R; = (), declare {i} a singleton SCC with no
incoming edges (a source). Do not merge different 4 with R; = ().

2. Non-null SCCs. For the remaining i, group by equality of sets: ¢ ~ ¢’ iff R; = R;/. Each
equivalence class is exactly one SCC; write R¢ for the common set of a class C.

3. Edges among non-null SCCs. There is an edge from C to C’" if Rc¢ 2 R¢ and no D
satisfying R 2 Rp 2 Rev.

4. Topological order. Output all singleton sources from step 1 first (in any arbitrary order),
then the non-null SCCs according to the recovered edges among non-null SCCs. This
yields a valid topological ordering.

A.5 PROOF OF THEOREM/I]

Consider the following two admissible triples (i.e., satisfying linear system in equation [I2).

* True underlying triple:(A,, by, D)
* Alternative admissible triple: (A’, b’, D’)

Define the differences:

vec(AA)
Ab
Ad

AO = , AA:=A —A,, Ab:=b —-b,, AD:=D’'-D,,

where Ad is the diagonal of AD.

Since A®, = 0 and A®’ = 0, it follows that AA® = 0. Our goal is to show that A® is a scalar
multiple of ®,, i.e.,
A =cA,, b =cb,, D =cD,,

for some scalar c.

Fix the intervened row index ¢ throughout the proof. The observational blocks My, Ky yield:
AA p = Ab, AAY + X AAT = AD, (15)
where p, 3 are the true observational steady-state mean and covariance.

Since the intervention zeros out row ¢ off-diagonals, we have:
K,(f) =J,oA,, AND=J,0A, whereJ;:=11" —e;1" + ee/

where © is the Hadamard product. Therefore, the corresponding equations for M, K; become:

J;io AN D =Ab,  (J;0 AN EO + 2O (AAT ©I[) = AD (16)

Taking the ¢-th row of the first equation:
(AA);; 7 = Ab;. a7

Let us define

Then, we define:

Observe that:

o~

o bz =0.
« The new triple © = (A, b, D) satisfies A® = 0.
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From now on, for simplifying notations, we drop the hats. From equation |l7[and b; = 0, we get

A;; = 0. Moreover, according to K, for the entry (i,), we have: 225?1\“ = D,;;. Therefore,

As D;; = 0 and A;; = 0, then from equation Ky, we have:

. 0 0 _ P SO
A(Z) — [ :| , E(z) _ i i,—i
Aii Mg 2(—% 2(—12,—2‘
Therefore,
AO 50 4 50 (RO)T =
0 25’? A——ri,i + Ev(if)—iAIi,—i

A 2%) + Afi,fiz(i) Afi,iz('i)‘ + Afi,fizg{_i + 2(_127 AT, + 2 AT,

We know that the off—diagonal‘entries of the above matrix should be zero. Therefore, we have:
A, = —(Ao = E(_lzl)/EEz) Hence, the bottom right block becomes: A_; _;Z + ZAL‘,ﬂ‘
wh_ere Z = E(_lzv_i — (2(2122(2)_1)/21(? (which is positive definite as it is Schur complement of
> and 2 is positive definite and X # 0).
Now, from the two Lyapunov equations:
A+ AT =D, (18)
ADE® L 3OAOT = p (19)
where o
AD =A—ew', with w:= AZ_Z».
Subtracting the second equation from the first and defining
r=x-x0,
we obtain: ‘ ‘
AT +TAT 4+ e;w 20 4+ =0we! = 0. (20)

Insert A = A() + e;w T into the above equation:

AT +TADT 4 e;w'T + Twe, +ew' =V + S0we! =0.

Note that the four terms involving e; (all on the right-hand side) have nonzero entries only in row ¢
and column i. Therefore, in the (—i, —¢) sub-block, they vanish, leaving:

(K“)r + FK@T) —0. Q1)

—i,—i

Use the {7} U —i block partitioning:

ol a0 el B
Multiplying:

AT = [A_i,—oil"_i,i A_i,iI‘i,—?ZFK—;—iF—@—J .
Similarly, T

AT = [Fi(,)iAii I‘HAIPZVF'AF_Z_Z’AL_J .
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Add the (—i, —i) blocks from both results and apply equation

ATy i+A T i+T AL, +T, AT, =0 (22)
By A7i7i = —(A,i,,i E(f)”)/Zx), we get:
A BE+ETAL _ =0, (23)
where
@ i,—i
== F,i —5 .t — (24)
’ 2(2)

i
We consider the two equations derived above involving the parameters A_; _; and D_; _;:

A Z+ZAl, _,=D_; (25)
A E+ETAL =0, (26)
where Z € R("~D*("=1) js symmetric and positive definite, and & € R~ x(n—1),
Define A := =7'Z and S := A_; _;E. Then: 1- S is skew-symmetric; 2- SA — ATS =
D_; _; is diagonal, hence oﬁdiag(SA — ATS) =0.

Assumption 1. The matrix A := E~'Z, has a simple (pairwise-distinct) spectrum.

Considering above assumption, take the Schur decomposition A = QTQ" with Q orthogonal and
T upper triangular with pairwise-distinct diagonal entries ((1,...,(,—1). Set S = Q' SQ; then
ST = —Sand

offdiag(SA — ATS) =0 <= Vr#£s: (ST-T'S) =0.

s
For r < s,

s—1
(ST-T'S),, = (¢~ G)Srs+ > (SwyTys — T;iSy0). @D
j=r+1

In the following, we show by induction on the gap s — r, S,s = Oforall r < s. Hence S = 0 by
skewness, and therefore S = 0.

Base case g = 1. Here s = r + 1. The sum in equation [27|is empty because there is no index j
strictly between r and s. Thus,
0= (<r+1 - Cr) Sr,r+1-

Since the eigenvalues are distinct, (1 — ¢ # 0, so gr,r+1 =0.

Inductive step. Assume that for some g > 1 we already know Sa, = 0 for all pairs a < b with
b—a < g. Now fix r < s with s — r = g. In the sum in equation every term involves either S,.;
with j —7 < gor S;5 with s — j < g. By the induction hypothesis, all these terms vanish. Therefore
the entire sum in equationis zero, leaving 0 = (¢; — ) Srs = 0. Again (s # (-, 80 S5 = 0.
Now, since S = 0, according to S := A_; _; E and the fact that = is generically invertible (see
Lemma [I), A_; _; is also zero. Now, from equation 25] D_; _; become zero and therefore the
whole D is zero. Moreover, from Ky, we have: A = 0 and due to M, we have: b = 0 and the
proof of theorem is complete.
Assumption 2. Consider right/left eigenbases {r,}7_,, {pr} 12—, with Ar; = \jro, pr. A = N\ipl,
T
PTe = Oge.

1. We assume that A has simple spectrum, i.e., \j; # A\ for any k # .

17
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2. LetR:=1[r; -1, P:=[p; - pp|sothat PTR =1 Let W, € R"*" pe:

(pre) (WwEWry)
%% = - . 28
(Wa)ke N (28)

We assume that —1 ¢ G(WXTWA). Therefore, whenever W is invertible, det (WA +
W} ) = det(W)(IT+ W, W,)) #0.

Lemma 1. Under Assumption |2} the matrix 2 is generically invertible.

Proof. Let U solve the Sylvester equation
AU+ UA" = —e;(w'EZD). (29)

Since A, + ¢ # 0 for all k, ¢ (positive stability), the Sylvester operator is invertible and equation [29]
has a unique solution. Transposing equation [29)and adding yields

AU4+U)+(U+UDAT = —ew' 20 — nwe] .
Comparing with equation [20]and invoking uniqueness, we obtain
r =U+U". (30)
Expand U = Zk,e uge Txpy - Multiplying equationwith pr. () from the left and r; from the right
gives
Ak + Ae) uge = —(p;ei)(wTE(z)rg).
Hence ugy = —(W ) e with (W4 )¢ defined in equation In matrix form, we can write:

U=-RW,P". 31)
Using equation [30]
' =U+U = -RW,P" - PW,R'. (32)
Premultiplying by P and postmultiplying by R,
P'TR = — (W, + W}). (33)

For strongly connected G(A) with nonzero self-loops, by PBH controllability, pZ e; # 0 for all k;
by PBH observability, w' X(9r, £ 0 for all £. Therefore

W, = diag(ple;) - - diag (WTE(i)I‘g),
——— N—_— ————

1
[AkJF)‘@L,Z

=: Dy, invertible ~ =:Dg i tibl
g =: C (Cauchy, invertible) R nvertivie

W, = D CDg is invertible as Dy, Dg, are invertible by PBH, and the Cauchy matrix C is invert-
ible since A\, + \¢ # 0 (positive stability) and A has simple spectrum (Assumption[2](1)). Based on
Assumption[2](2), this implies I is invertible.

LetJ = {1,...,n}\ {i} and P; = I — e;e] . The block system
(%)=
X

FZJ = — E(i)ei Zo, Ve PJ[,TO;X], (Zj)i = O, (34)

by stacking the i and .J rows. Since T is invertible, equation 34| gives z; = —T'"' (e, (. Taking
the i-th coordinate and using (z;); = 0,

O=elz;=— (eII‘*lz(i)e,;) Zg.

EE? ;s
2(;)1 L'y

is equivalent to

Assuming eZTI‘*lE(i)ei is generically non-zero, hence zo = 0, and thus z; = 0 and x = 0. The
kernel is trivial, so by the Schur identity, the determinant of the matrix in the block system (equal to
2 det E) with ) # 0 is non-zero. Therefore, we have det E # 0. O
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A.6 PROOF OF THEOREM[3]

Let T be the target block. Suppose the parameters of block P satisfy bp = ¢ bp and Dp = ¢Dp
for a scalar ¢ > 0 and known representatives bp, Dp. Define the residual covariances and cross
terms

4 — 3 4 i) \—1
Z:=%pp, ZV:=31, B:i=3rp3Ipp, BY =3[ (S5p)

and set
v:i=Bbp, v? :=BWbp, Q:=BDpB', Q¥ :=BODpBOT,

Under the intervention on coordinate 4, the i-th row of B(*) is zero, hence (Q(i))L_i = 0. Partition
the drift on T as

Arr = L\)jz AA—lz—ZJ o A= [)\)\jz A—(:,—i:| ’
with unknown diagonal D and vector br.
On T, the stationary equations are

ArrZ + ZApr =Dr +¢Q, Arrpre =br —cv,
and, under intervention,

KSEZFZ“) + Z(i)Kg?? =Dy +cQW, AS_,_QF E;)‘P =br —cv®. (35)

Subtracting gives the difference relations

ArrZ + ZAGp — (AL ZD + ZOAYT) = c(Q - Q)

Arrpre - A%u(ﬁp =c(v® —v).

Interventional (i, —i) block. Taking the (¢, —¢) block of the interventional Lyapunov equation
and using that D is diagonal and (Q(i))i —; = 0 yields
MNiZO A 20 v A2 =0,

—1,% —1,%

SmceZ() > 0, write u := Z"' @)

—'Ll

/Z to obtain

)\_m + (A—i,—i + /\iiI) u=0. (36)
The E-equation on (—i, —i). LetT := Z — Z(®) and define the data-only matrix

== I‘,i’,i — ul"i’,i.

From the (—i, —i) block of the difference Lyapunov equation and the identity above,
AL iB+ETAT, 1 =c(Q-QW)_; i+ (u N uT) . (37)

From equation [35]and equation [36] we derive
offdiag (A, SV +8 AT, )=\ offdiag (wZ( +2") , uT) = offdiag(cQ") ), (38)
with w :=Z") Z/Z(z and SO : (72 i uZEZL > 0. Define the linear maps
Ag(X) = offdiag(XS® + SOXT),  Az(X) =X=E+='X".
Equations equationand equation[38] ﬁform a stacked linear system in A_; _;,

As} A ) — offdlag(Q(ZZ i)
{Aa (At) (Q-QW)_;

Assumption 3. The matrix 2='S") has a simple (pairwise-distinct) spectrum.

—1,0

+ i
u Fi,—i + F—z,z U’T

offdiag (u ZE Doz T)]
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Based on the above assumption and = is generically invertible (see below), with the same argument
used in the proof of single SCC, the stacked matrix uniquely identifies A_; _;. Therefore, there
exist data—dependent matrices K, K5 (linear in the stacked right—hand sides) such that

A—i,—i, = CKO + >\ii KQ. (39)

From equation
Afi,i = —(CKO + )\“KQ + )\”I) u .
Using the observational (i, —1) block of the Lyapunov equation,
ANl i+ XNy s+ AN Ziy + Ay 325 =cQy_y,
andZ_; _; = 0, we get
Ai—i = (C Qi—i — A yi — Ay iZi; — A—i,—iz—i,i) Z:l{_i-
Substituting A_; _; = cKo + A\; Ko and A_; ; = —(cKo + Xi; K2 + A\j;I)u yields the affine form
Ai—i = Ag + AijAq,
where:
Ao =c(Qi—i+Ziiu'Ky—-Z; K])ZZ]

—1,—1

A= (-2 _+Z; UT(I“I‘K;)_Zi,—iK;) Z-!
Therefore, A scale linearly with the scale ¢; Ko and A; do not involve parent terms and do not
scale with c.
From the i-th component of the mean difference and the (i, ¢) component of the Lyapunov difference,
let A = (prip)i — (gp)i» Avi = v — v; Then
Nii At + X —i(prp)—i = ¢ Av;.
Insert A; —; = Ao + A\ A and group the terms to obtain
Xii (Api + Ar(prp)—i) = (cAv; — Ag(prp)—i)-
Hence the )\;; is identified as
cAv; — Ag(prpp)—i

~ Api+ Ai(prp)—i
where it is determined up to the same scale c.

With \;; identified, the previous equations give
A i =Ko+ M\i; Ko, Aii=— (CKO + i Ko + Am‘l)% Ai—i = Ag + NijAg,
so the entire A is determined with the same scaling c. Finally,
Dr = diag(ArtZ + ZApr — Q), br = Artpre + V.
Thus (A, D, br) are identified up to the same multiplicative scale c.
Invertibility of =. Let _/NXSE)T = Arr —e;w',w := \; _;, where w collects the off-diagonal
entries in row ¢. Then
T _ NOR 10! HAGOT _ (#)

ArrZ+Z A =Dr +¢cQ, ApZ + 2 Ay =Dy +cQY,

where Q = BDpB " and QY = BWDpB®T are computable from data. Subtracting gives
ArrT +T ALy =c(Q - QW) — (w2 + ZOwe]), T :=7Z- 70,

Consider the following representation for the Lyapunov equation,

(oo} oo
= / e ArTt c(Q— Q(i)) e~Arrt gy / e ATt (BC + CTBT)e_Ath dt,
0

0
with B := e; and C := w ' Z(), Define the data—only quantities
z"
= _%71, == F—i g —uI‘,L- -
Z(l) ) ’

Restrict to admissible parameters with App = 0. In this regime, the diffusion—difference term
¢(Q — Q) vanishes, so we need only consider the drift-difference term. The problem then reduces
to a single SCC, with E becoming exactly the one in By Lemmal [I] under Assumption[2] Z is
generically invertible when A7p = 0. Moreover, det(Z) is an analytic function of the system
parameters; since there exists a witness (at Arp = 0) for which det(Z) # 0, the determinant is not
identically zero. Hence, for a generic choice of admissible parameters, = is invertible.
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A.7 AN EXAMPLE WITH MULTIPLE RooT SCCs

Consider an OU process with state indices 1, 2, 3, 4, where 1, 2, 3 are root singletons and 4 is a child
singleton. Let

M 0 0 0
0 X 0 0 _
A=y o as 0| D =diag(di,dz,ds,d),

ay az az M

and assume D is diagonal and each A; > 0. Suppose we observe the steady-state mean and covari-
ance (p, X) and also the interventional moments (p(*), £(*)) under an intervention on node 4 that
zeros the entries a;s (please note that interventions on root give the same mean and covariance as
the observational ones).

For each root i € {1,2, 3}, the scalar OU gives

P =T 1= Ny = .
AV 2);
Let t; := X;4 denote the observed cross-covariances with the child. The off-diagonal Lyapunov
equations yield
Ai + A
(>\z + /\4)ti + s;a; =0 < a; = —74 t;. 40)
The child’s observed mean and variance satisfy
3
Napia+ Y aipti = b, (41)
i=1
3
2484 + 2 Z a;t; = dy. 42)
i=1

Under the intervention on 4 (which zeros the a;s), we also observe

b
ps) = f;’ 225y = du, 1 =o0. (@3)

Now, fix any positive (u1, ug, u3) and a positive v (to be chosen). Define
)\; = ui)\i, b; = uibh d; = uzdl (Z = ].7 2, 3), ﬁl = ’U)\4, bi; = Ub4, dﬁl = 'Ud4,
and choose a to preserve the observed ¢;:

V4N + 80, = 0 s af = — WA TV (44)
Sq

% d! . .
Then for each root, u; = v = p; and s = 53 = s;, while equatlonensures the same ¢;.

For the interventional moments on 4, scaling (A4, by, d4) by the common factor v preserves ,uf;l) =

f\—i and 3514) = QdT‘:, and t54) = 0 still holds since the a; are zeroed under intervention. Thus all

interventional moments match equation 3]
It remains to enforce that the primed parameters also satisfy the child’s observational equations
equation [AT}-equation Subtracting v times the original equation 2] from the primed version
gives
3 3
2Njs4 — 20484 + 2 Z(ag —va)t; =0 < Z(ag —va;)t; = 0.
i=1 i=1
Using equation [#0|and equation 4]

_UIL')\IL' +U)\4t' —|—1})\i +>\4t‘ _ (’U —ui))\i ‘

/
a; —va; =
Sq Si Si
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Hence
3 /2 3 3 42
Z(’U—Uz‘))\ii =0 <= ’UZO@ZZ’UJZ‘O@', Q= )\1'i > 0. 45)
S; . - S;
=1 =1 =1
Thus
y = 2ui i (46)
> i
Similarly, subtracting v times equation 1] from the primed version gives
3 3 b
Njpta — VAgfig + Z(a; —wva)p =0 <= Z(v —ui) N S—l i =0,
i=1 i=1 ¢
ie.,
> > t: biti
i = iBis e 47
B el “
Thus also
v = i tibi (48)
> Bi
Equating equation 46|and equation [48]|yields a single linear constraint on (ug, ug, u3):
3
; Ui Qg i UiPiq
S = R e (s a ) <o @
Zi QG Zl Bz i—1 ; ;

Let v :== a; > ; B; — Bi >_; aj. Unless (y1,72,73) = (0,0,0), equation 49| defines a nontrivial
affine hyperplane in R3 (Note that the condition «; = 0 for all i is nongeneric. Indeed, it requires

B _ B2 &, ie., /\bbt is constant across ¢. This imposes two independent algebraic constraints on

g (e as
the continuous parameters (b;, A;, t;), hence holds only on a measure-zero subset of the parameter
space). Therefore, the set of positive (u1, ug, us) satisfying equationhas (at least) two degrees
of freedom. For any such (u,us,u3), take v from equation [46| (which equals equation and
define a) by equation Unless u; = us = usg = v, the transformation is not a global rescaling of
(A, b, D), yet all moments (observational and interventional under node-4 intervention) coincide.

Hence, identifiability up to a single global scale fails.

B DETAILS OF EXPERIMENTS

B.1 SYNTHETIC DATA

We generate synthetic datasets from a stable OU model. For each setup |Z| € {0,2,4,6,8,10}
(number of single-node interventions) and 40 instances, we fix n = 10 variables and sample:

« Drift matrix A: start from zeros; for i # 7, set A;; ~ N(0.2,0?) with probability p and
0 otherwise (default p = 0.3, 0 = 0.8). Enforce positive stability by making each row
strictly diagonally dominant:

Aj; + max(DIAGMIN, Z |Aij| +0.2+w,), wu; ~ Unif0,0.3], DIAGMIN = 0.8.
j

* Bias vector and diffusion matrix: b ~ Unif[0.2,1.5]"; D = diag(d) with dj, ~
Unif[0.2,0.4].

Observational moments are computed via gt = A~ 'b and AX + A" = D (continuous-time Lya-
punov). An intervention on node k is implemented by zeroing row k of A and restoring its diagonal
entry (self-regulation preserved), leaving b and D unchanged; intervened moments (p(*), 3(F)
are computed analogously. We then draw snapshots from the corresponding Gaussians (by default
40,000 observational samples and 20,000 samples per intervention).
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B.2 REAL DATA

Library-size normalization. For each cell ¥ € {1,...,T.} in context/intervention ¢ with raw
counts {z;}N | (genes i = 1,..., N), define the library size s, = Y.~ , /. We normalize by
fractions f;' = x; /s, and then scale to a common size

i o= 10* f = 10* =k,
Sk
All downstream statistics are computed on ;. We denote the cell vector X, = (Z,..., &}
RN

Empirical moments with shrinkage. Given a context ¢ with T, cells {%;} 7, the empirical
mean and (shrunk) covariance are

1 & .

= f Xk, .= (1 - 770) ZA:c,sample + e diag(ﬁzc,sample)a
¢ k=1

where zA]c,sample = ﬁ 25;1 (Xp — fte) (Xp, — ,‘lc)T and 1. = min(0-37 10/(T. — 1))

e

Model. We fit an OU model with parameters (A, b, D) on wild-type and interventional data. For
an intervention on gene k, the context-specific drift is obtained from A by zeroing all off-diagonal
entries in row k and keeping Ayy; b and D are shared. We enforce diag(A) > 0 (softplus) and
rescale to tr(A) = n.

Train/test split and metrics. Similar to previous work Rohbeck et al.| (2024)), interventions are
split into train context IDs {0, ..., 54} and held-out test context IDs {55, ..., 60}. Evaluation uses
the same per-cell normalization on two metric DES and PDS.

B.3 EFFECT OF SAMPLE SIZE ON RELATIVE ERROR

To assess the sensitivity of our estimator to the number of steady-state samples, we conducted an
experiment in which we varied the number of observational samples used to estimate (fx, 2) For
each trial, the number of samples per intervention was set to half of the observational sample size.
We evaluated the relative error of recovering A for observational sample sizes {5k, 10k, 20k, 40k }
over 30 random instances with n = 10. As shown in Fig. [2} the estimation error decreases markedly
when increasing the number of samples from 5k to 20k and then stabilizes, indicating that the
estimator achieves accurate recovery with a moderate number of steady-state samples. This behavior
is expected, since both empirical means and covariances become sufficiently accurate in this regime,
after which additional samples yield diminishing returns.

C ABOUT THE SPECTRAL ASSUMPTIONS

C.1 NUMERICAL ANALYSIS OF SPECTRAL ASSUMPTIONS

We assessed the spectral nondegeneracy assumptions by Monte Carlo analysis on random, strongly
connected OU models. In each of 250 trials, we sampled a drift matrix A € R10x10 with
off—diagonal pattern drawn i.i.d. at density 0.3 (Gaussian weights, standard deviation 0.8), and set
each diagonal entry strictly larger than the ¢; row sum (ensuring Hurwitz stability). Strong con-
nectivity was checked on the directed graph with edge j — ¢ iff A;; # 0. We drew a diagonal
diffusion D with dj, ~ Unif[0.2,0.4], selected an intervention coordinate ¢ uniformly at random,
and formed the intervened drift by zeroing row i’s off-diagonals (keeping A;;). We then solved the
continuous—time Lyapunov equations to obtain the observational and intervened covariances X and
Y@, formed T := ¥ — X and built the (=1, —1) Schur blocks = and Z used in the proofs, with
A = 277, We evaluated: (i) simple spectrum for A and A via the minimum pairwise eigenvalue
spacing; (ii) condition on W from Assumption [2| via the minimum distance of O'(WXTWA) to
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Figure 2: The average relative error for recovering A (up to some global scaling) versus the sample
size (observational data).
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Figure 3: Numerical probe of spectral assumptions: a) The histogram of minimum pairwise eigen-
value spacing of A. b) The histogram of minimum pairwise eigenvalue spacing of A. c) The
condition on W from Assumption (The values on the x-axis are in log; 0 scale)

—1. We report the results in Figure[3] As can be seen, in all the trials, the three spectral assumptions
hold.

C.2 ABOUT THE ROLE OF SPECTRAL ASSUMPTIONS IN THE PROOFS

- Assumption [1| (simple spectrum of A := E~!'Z) is used in the proof of Theorem [1| (single
SCCO). In the single-SCC case, we obtain two Lyapunov-type equations for the unknown block
(A_;_i,D_; _;) and reduce them to a constraint of the form SA — AT S being diagonal, where
S:=A_;, Eand A:=E"'Z. Assumptionrules out the degenerate case where A has repeated
eigenvalues; under simple spectrum, the only skew-symmetric S compatible with this constraint is
S = 0, which forces D_; _; and the off-diagonal part of A_; _; to be uniquely determined by the
moments.

- Assumption [2]is also used in the proof of Theorem[I] It has two parts: (i) A has simple spectrum,
and (ii) a nondegeneracy condition on the matrix W built from the eigenvectors of A. This as-
sumption ensures that the difference covariance I' := 3 — () leads to an invertible Schur block =
(Lemmal[T).

- Assumption (simple spectrum of 2~1.8()) appears in the proof of Theorem (multi-SCC case).
After conditioning on previously resolved components P, the remaining block 7" leads to a stacked
linear system for Ar built from two Lyapunov-type equations. Assumption [3]is the multi-SCC
analogue of Assumption It rules out spectral degeneracies of 2~ 8% so that this stacked system
is injective and determines the drift within the target block 7" (up to the global scaling).
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